Abstract. We consider Killing vector fields on standard static spacetimes and obtain equations for a vector field on a standard static spacetime to be Killing. We also provide a characterization of Killing vector fields on standard static space-times with compact Riemannian parts.
Introduction
Warped product manifolds were introduced in general relativity as a method to find general solutions to Einstein's field equations [5, 22] . Two important examples include generalized Robertson-Walker space-times and standard static space-times. The former are obviously a generalization of Robertson-Walker space-times and the latter a generalization of the Einstein static universe. In this paper, we focus on Killing vector fields for standard static space-times.
We recall that a warped product can be defined as follows [5, 22] . Let (B, g B ) and (F, g F ) be pseudo-Riemannian manifolds and also let b : B → (0, ∞) be a smooth function. Then the (singly) warped product, B × b F is the product manifold B × F furnished with the metric tensor g = g B ⊕ b 2 g F defined by
where π : B × F → B and σ : B × F → F are the usual projection maps and * denotes the pull-back operator on tensors. A standard static spacetime can be considered as a Lorentzian warped product where the warping function is defined on a Riemannian manifold called the base and acting on the negative definite metric on an open interval of real numbers, called the fiber. More precisely, a standard static space-time (t 1 , t 2 ) f × F is a Lorentzian warped product furnished with the metric g = −f 2 dt 2 ⊕ g F , where (F, g F ) is a Riemannian manifold, f : F → (0, ∞) is smooth and −∞ ≤ t 1 < t 2 ≤ ∞. In [22] , it was shown that any static space-time is locally isometric to a standard static space-time.
Standard static space-times have been previously studied by many authors. Kobayashi and Obata [20] stated the geodesic equation for this class of space-times and the causal structure and geodesic completeness was considered in [2] , where sufficient conditions on the warping function for nonspacelike geodesic completeness of the standard static space-time was obtained (see also [23] ). In [1] , conditions are found which guarantee that standard static space-times either satisfy or else fail to satisfy certain curvature conditions from general relativity. In [3] , D. Allison considered the global hyperbolicity of standard static space-times and obtained sufficient conditions. The problems of geodesic completeness and global hyperbolicity of standard static space-times have been also studied by M. Sánchez in [28] with I = R where (F, g F ) behaves at most quadratically (at infinity). The existence of geodesics in standard static space-times have been studied by several authors. Sánchez [27] gives a good overview of geodesic connectedness in semi-Riemannian manifolds, including a discussion for standard static space-times. The geodesic structure of standard static space-times has been studied in [4] and conditions are found which imply nonreturning and pseudoconvex geodesic systems. As a consequence, it is shown that if the complete Riemannian factor manifold F satisfies the nonreturning property and has a pseudoconvex geodesic system and if the warping function f : F → (0, ∞) is bounded from above then the standard static space-time (a, b) f × F is geodesically connected. In [13] , some conditions for the Riemannian factor and the warping function of a standard static space-time are obtained in order to guarantee that no nontrivial warping function on the Riemannian factor can make the standard static space-time Einstein. In a recent note [29] , the authors discussed conditions for static Killing vector fields to be standard and then they obtained an interesting uniqueness result when the so called natural space (in the case of a standard static space-time, this is the Riemannian part) is compact. Two of the most famous examples of standard static space-times are the Minkowski space-time and the Einstein static universe [5, 12, 19] which is R × S 3 equipped with the metric
where S 3 is the usual 3-dimensional Euclidean sphere and the warping function f ≡ 1 (see Remark 2.19) . Another well-known example is the universal covering space of anti-de Sitter space-time, a standard static space-time of the form R f × H 3 where H 3 is the 3-dimensional hyperbolic space with constant negative sectional curvature and the warping function f : 5, 19] . Finally, we can also mention the Exterior Schwarzschild space-time [5, 19] , a standard static space-time of the form R f ×(2m, ∞)×S 2 , where S 2 is the 2-dimensional Euclidean sphere, the warping function f : (2m, ∞) × S 2 → (0, ∞) is given by f (r, θ, φ) = 1 − 2m/r, r > 2m and the line element on (2m, ∞) × S 2 is
In this article, we deal with questions of existence and characterization of Killing vector fields in standard static space times 1 . The problem of the existence of Killing vector fields in semi-Riemannian manifolds has been analyzed by many authors (physicists and mathematicians) with different points of view and by using several techniques. One of the recent articles of Sánchez (i.e, [25] ) is devoted to provide a review about these questions in the framework of Lorentzian geometry. Another interesting results for Riemannian warped products can be found in [8] and for 4−dimensional warped space-times in [10] . In [26] Sánchez studied the structure of Killing vector fields on a generalized Robertson-Walker space-time. He obtained necessary and sufficient conditions for a vector field to be Killing on generalized Robertson-Walker space-times and gave a characterization of them as well as an explicit list for the globally hyperbolic case. 1 We would like to inform the reader that some of the results provided in this article were previously announced in the arXiv preprint service as [15] .
After this brief explanations of some of the major works in the geometry of warped products, especially in the geometry of standard static space-times, we will provide an outline of the paper below.
In Section 2, we study Killing vector fields of standard static space-times. Firstly we show necessary and sufficient conditions for a vector field of the form h∂ t + V to be a conformal Killing (see Proposition 2.4). Then adapting the techniques of Sánchez in [26] to standard static spacetimes M = I f × F , we give the structure of a generic Killing vector field on M in the central result of this section (see Theorem 2.8) . Essentially, we reduce the problem to the study of a parametric system of partial differential equations (involving the Hessian) on the Riemannian part (F, g F ).
By studying on the latter system (see (2.25) and (2.30)) and applying the well known results about the solutions (ν, u) of a weighted elliptic problem,
on a compact Riemannian manifold without boundary (F, g F ), we characterize the Killing vector fields on a standard static space-time with compact Riemannian part in Theorem 2.18. More explicitly, if (F, g F ) is a compact Riemannian manifold, then the set of Killing vector fields on a standard static space time I f × F is {a∂ t +K| a ∈ R,K is a Killing vector field on (F, g F ) andK(f ) = 0}.
In Remark, 2.19 we show that a relation between the result mentioned above and an article (see [30] ) of R. A. Sharipov about Killing vector fields of a closed homogeneous and isotropic universe.
In Section 3, as an application of our results in Section 2 we consider the question of the existence of non-rotating Killing vector fields on a standard static space-time where the Riemannian part is compact and simply connected.
In Appendix, we provide an equivalent expression of a general Killing vector field on a standard static space-time and an application of our results to the well known case of the Minkowski space-time.
Killing Vector Fields
We begin by stating the formal definition of a standard static spacetime and then recall some elementary definitions and facts (see Section 3 of [26] ). But first, we want to emphasize some important notational issues. Throughout the paper I will denote an open connected interval of the form I = (t 1 , t 2 ) in R, where −∞ ≤ t 1 < t 2 ≤ ∞. Moreover, any underlying manifold is assumed to be connected. Finally, on an arbitrary differentiable manifold N , C ∞ >0 (N ) denotes the set of all strictly positive C ∞ functions defined on N and X(N ) will denote the C ∞ (N )−module of smooth vector fields on N . Definition 2.1. Let (F, g F ) be an s-dimensional Riemannian manifold and f : F → (0, ∞) be a smooth function. Then n(= s + 1)-dimensional product manifold I × F furnished with the metric tensor g = −f 2 dt 2 ⊕ g F is called a standard static space-time and is denoted by I f × F , where dt 2 is the Euclidean metric tensor on I.
We will now define Killing and conformal-Killing vector fields on an arbitrary pseudo-Riemannian manifold. Let (M , g) be an n-dimensional pseudoRiemannian manifold and X ∈ X(M ) be a vector field on M . Then
• X is said to be Killing if L X g = 0,
• X is said to be conformal-Killing if there exists a smooth function
, where L X denotes the Lie derivative with respect to X. Moreover, for any Y and Z in X(M ), we have the following identity (see [22, p.162 and p.61 
Remark 2.2. On (I, g I = ±dt 2 ) any vector field is conformal Killing. Indeed, if X is a vector field on (I, g I ), then X can be expressed as X = h∂ t for some smooth function h ∈ C ∞ (I). Hence, L X g I = 2σg I with σ = h ′ .
We will now state a simple result which will be useful in our study (see [26] , [32] and page 126 of [31] ). Proposition 2.3. Let M = I f × F be a standard static space-time with the metric g = f 2 g I ⊕ g F , where g I = −dt 2 . Suppose that X, Y, Z ∈ X(I) and V, W, U ∈ X(F ). Then
By combining the previous statements we can prove the following: 
h is affine, i.e, there exist real numbers µ and ν such that h(t) = µt + ν for any t ∈ I, (2) is obtained. Thus, (3) is clear. By using similar computations described as above, the converse turns out to be a consequence of the decomposition of any vector field on M, i.e., as a sum of its horizontal and vertical parts. (1) V is Killing on F , (2) h is affine, i.e, there exist real numbers µ and ν such that h(t) = µt + ν for any t ∈ I,
Proof. It is sufficient to apply Proposition 2.4 with σ ≡ 0. Notation 2.6. Let h be a given a continuous function defined on a real interval I. If there exists a point t 0 ∈ I such that h(t 0 ) = 0, then I t 0 denotes the connected component of {t ∈ I : h(t) = 0} such that t 0 ∈ I t 0 .
In what follows, we will make use part of the arguments given in [26] (see also [10] ) about the structure of Killing and conformal-Killing vector fields in warped products. In [26] by applying such arguments, M. Sánchez obtains full characterizations of the Killing and conformal-Killing vector fields in generalized Robertson-Walker space-times. In order to be more explanatory, we begin by adapting his procedure to our set of frame.
Let (B, g B ) and (F, g F ) be two semi-Riemannian manifolds with dimensions r and s > 0 respectively, and also let f ∈ C ∞ >0 (F ) be. Consider the warped metric g = f 2 g B + g F on B × F . Given a vector field Z on B × F , we will write Z = Z B + Z F with Z B = (π B * (Z), 0) and Z F = (0, π F * (Z)), the projections onto the natural foliations (B q = B × {q}, q ∈ F and F p = {p} × F, p ∈ B). Any covariant or contravariant tensor field ω on one of the factors (B or F ) induces naturally a tensor field on B × F (i.e. the lift), which either will be denoted by the same symbol ω, or else (when necessary) will be distinguished by putting a bar on it, i.e, ω. Suppose that {C a ∈ X(B)| a = 1, · · · , r} is a basis for the set of all conformal-Killing vector fields on B and {K b ∈ X(F )| b = 1, · · · , s} is a basis for the set of all Killing vector fields on F.
According to [26] (see also [8, Sections 7 and 8] ), Killing vector fields on a warped product of the form M = B f × F with the metric g = f 2 g B ⊕ g F can be given as
where φ b ∈ C ∞ (B) and ψ a ∈ C ∞ (F ).
Then Proposition 3.8 of [26] implies that a vector field K of the form (2.3) is Killing on B f × F if and only if the following equations are satisfied:
where C a is a conformal-Killing vector field on B with σ a ∈ C ∞ (B), i.e. L B C a g B = 2σ a g B and θ = ln f .
Let (F, g F ) be a Riemannian manifold of dimension s admitting at least one nonzero Killing vector field on (F, g F ) and f ∈ C ∞ >0 (F ). Thus, there exists a basis {K b ∈ X(F )| b = 1, · · · , s} for the set of Killing vector fields on F .
Let I be an open interval of the form I = (t 1 , t 2 ) in R, where −∞ ≤ t 1 < t 2 ≤ ∞ furnished with the metric −dt 2 . Recalling Remark 2.2, we observe that the dimension of the set of conformal Killing vector fields on (I, −dt 2 ) is infinite so that one cannot apply directly the above procedure due to M. Sánchez before observing that the form of conformal Killing vector fields on (I, −dt 2 ) is explicit. Indeed, it is easy to prove that all the computations are valid by considering the form of any conformal Killing vector field on (I, −dt 2 ), namely h∂ t where h ∈ C ∞ (I), instead of the finite basis of conformal Killing vector fields in the procedure of M. Sánchez .
If we apply the latter adapted technique to the standard static space-time M = I f × F with the metric g = f 2 g I ⊕ g F where g I = −dt 2 , then a vector field K ∈ X(M ) is a Killing vector field if and only if K can be written in the form (2.5)
where h and φ b ∈ C ∞ (I) for any b ∈ {1, · · · , m} and ψ ∈ C ∞ (F ) satisfies the following version of System (2.4)
Thus, in order to study Killing vector fields on standard static space-times we will concentrate our attention on the existence of solutions for System (2.6).
Since dφ
and by raising indices in the second equation, it is also equivalent to
First of all, we will apply a separation of variables procedure to the second equation in (2.8). Recall that {K b } 1≤b≤m is a basis of the Killing vector fields in (F, g F ). Thus by simple computations, it is possible to show that (2.
where γ b and 
where η b are constant for all b. By introducing (2.9) in (2.8 − b), the last equation takes the following equivalent form:
Thus, by recalling again that {K b } 1≤b≤m is a basis of the Killing vector fields in (F, g F ), there results three different cases, namely.
h ≡ 0: By (2.10), (2.8) takes the form
Since {K b } 1≤b≤m is a basis, (2.12 − b) implies that for any b, we have 
where (2.14)
Note that in particular, Equation (2.13 − b) implies that f 2 grad F ψ is Killing on (F, g F ) and gives the coefficients of f 2 grad F ψ with respect to the basis {K b } 1≤b≤m . On the other hand, differentiating (2.13 −a) with respect to t and then considering (2.13 −b), we obtain
Furthermore, (2.14) and (2.13 − a) imply that
Hence, we proved that (2.8) suffices to the following:
It is easy to prove that (2.8) is also necessary for (2.15). Hence we proved that K = ψh 0 ∂ t + φ b K b is Killing if and only if (2.15) is satisfied. h nonconstant: The procedure for this case is a generalization of the previous, namely.
Since h is nonconstant, we can take t 0 such that h(t 0 ) = 0 and we will work on the subinterval I t 0 (see Notation 2.6).
First of all, note that by applying the separation of variables method in (2.11), the non-constancy of h implies that
Thus, by (2.10),
On the other hand, by differentiating (2.8 − a) with respect to t and then by considering (2.16), we obtain
Besides, by considering (2.16), (2.17) and again (2.8−a) there results
Thus, we proved that (2.8) is sufficient to
It is easy to prove that (2.8) is also a necessary condition for (2.18), on an interval where h does not take the zero value.
It is not difficult to show that if
On the other hand, if − h ′′ h = ν is constant, the second statement of (2.18), namely 
; f 2 grad F ψ is a Killing vector field on (F, g F ) with coefficients {τ b } 1≤b≤m relative to the basis {K b } 1≤b≤m ; (f 2 grad F ψ)(ln f ) = νψ where ν is constant; h is given in (2.22);
It is easy to prove that if a set of functions h, ψ and {φ b } 1≤b≤m , satisfy (2.23) with a real interval I instead of I t 0 , then (2.7) is verified, that is, the vector field given by (2.5) on a standard static space-time of the form
Hence, in the precedent discussion we proved the following result. Then, any Killing vector field on I f × F admits the structure
where h and φ b ∈ C ∞ (I) for any b ∈ {1, · · · , m} and ψ ∈ C ∞ (F ). Furthermore, assume that K is a vector field on I f × F with the structure as in (2.24) . Then, Proof. Indeed, by Proposition 2.7 if K is a Killing vector field on I f × F , then K = ψh∂ t where ψ ∈ C ∞ (F ) and h ∈ C ∞ (I). Then, by similar arguments to those applied to the system (2.8), a vector field of the latter form is Killing if and only if the following equations are verified
As an immediate consequence, either h and ψ are constants or ψ ≡ 0. Remark 2.11. Let f ∈ C ∞ >0 (F ) be smooth. For any ν ∈ R, we consider the problem given by (2.25)
and define K ν f = {ψ ∈ C ∞ (F ) : ψ verifies (2.25)}. It is easy to show that K ν f is an R−subspace of C ∞ (F ). In particular, if ψ ∈ K ν f then (2.26) (f 2 grad F λ ψ)(ln f ) = λν ψ, ∀λ ∈ R Consequently, if {τ b } 1≤b≤m is the set of coefficients of the Killing vector field f 2 grad F ψ with respect to the basis {K b } 1≤b≤m and λ ∈ R, then (2.27)
where ω b = λτ b , for any b.
Notice that, this is particularly useful in order to simplify the hypothesis of (2.23) when ν = 0.
In order to analyze the existence of nontrivial solutions for the problem (2.25) (notice that this is relevant in (2.23) and (2.15)), we introduce the following notation.
Notation 2.12. Let (F, g F ) be a Riemannian manifold. Suppose that Z ∈ X(F ) is a vector field on (F, g F ) and ϕ ∈ C ∞ (F ) is a smooth function on F. Then define a (0,2)-tensor on F as follows:
Proof. We begin by recalling two results. For all smooth functions ϕ ∈ C ∞ (F ) and vector fields X, Y ∈ X(F ), we have
Moreover, for any vector field Z ∈ X(F ), the following general formula can be stated.
By applying the latter formulas to the vector field f 2 ∇ F ψ, we obtain the following:
Then one can conclude that f 2 grad F ψ is a Killing vector field on (F, g F ) if and only if (2.29) is satisfied.
In order to study Killing vector fields on standard static space-times, notice the central role of the problem given below, i.e, (2.30) which appears throughout Theorem 2.8, Proposition 2.13 and the identity stated as
Remark 2.14. By Proposition 2.13, if the dimension of the Lie algebra of Killing vector fields of (F, g F ) is zero, then the system (2.30) has only the trivial solution given by a constant ψ (this constant is not 0 only if ν = 0). This happens, for instance when (F, g F ) is a compact Riemannian manifold of negative-definite Ricci curvature without boundary, indeed it is sufficient to apply the vanishing theorem due to Bochner (see for instance [9] , [ If (ν, ψ) satisfies (2.30) , then ν is an eigenvalue and ψ is an associated ν−eigenfunction of the elliptic problem:
Proof. First of all, note that (2.32) B f grad F ψ = df ⊗ dψ + dψ ⊗ df, then by taking the g F −trace of the both sides, we have:
. Thus, by taking the g F −trace of the first equation in (2.30) and then by applying the second equation of (2.30), we obtain (2.31). Hence, ν belongs to the spectrum of the weighted eigenvalue problem (2.31).
Remark 2.16. Let (F, g F ) be a Riemannian manifold.
i: Notice that similar arguments to those applied in Lemma 2.15 allow us to prove that the system (2.30) is equivalent to (2.34)
where ν is a constant. ii: Assuming (2.34) (or equivalently (2.30)), if p ∈ F is a critical point of f or ψ, then ν = 0 or ψ(p) = 0.
Proposition 2.17. Let (F, g F ) be a compact Riemannian manifold and f ∈ C ∞ >0 (F ). Then (ν, ψ) satisfies (2.30) if and only if ν = 0 and ψ is constant. Proof. The necessity part is clear, so we will concentrate our attention on the sufficiency part.
First of all, notice that by the second equation of (2.30), if p ∈ F is a critical point of ψ, then νψ(p) = 0. Then, since (F, g F ) is compact, there exists a point p 0 ∈ F such that ψ(p 0 ) = inf F ψ and consequently, νψ(p 0 ) = 0.
On the other hand, by applying Lemma 2.15, one can conclude that ν is an eigenvalue and ψ is an associated ν−eigenfunction of the elliptic problem (2.31). Besides, since (F, g F ) is compact, it is well known that the eigenvalues of (2.31) form a sequence in R ≥0 and the only eigenfunctions without changing sign are the constants corresponding to the eigenvalue 0.
Thus, if ψ(p 0 ) ≥ 0, then ν = 0 and ψ results a nonnegative constant. Alternatively, if ψ(p 0 ) < 0, then νψ(p 0 ) = 0, so ν = 0. As a consequence of that, ψ is a negative constant. 
Proof. If (F, g F ) has only the zero Killing vector field, the result is an easy consequence of Lemma 2.9.
Let us consider now the case there exists a basis {K b } 1≤b≤m for the space of Killing vector fields on (F, g F ). Theorem 2.8 and Proposition 2.17 imply that a vector field K on the standard static space-time (M, g) is Killing if and only if it admits the structure (2.35)
where ( 
Remark 2.19. (Killing vector fields in the Einstein static universe)
In [30] , the author studied Killing vector fields of a closed homogeneous and isotropic universe (for related questions in quantum field theory and cosmology see [11, 12, 16, 21] ). Theorem 6.1 of [30] corresponds to our Theorem 2.18 for the spherical universe R×S 3 with the pseudo-metric −(R 2 dt 2 −R 2 h 0 ), where the sphere S 3 endowed with the usual metric h 0 induced by the canonical Euclidean metric of R 4 and R is a real constant (i.e., a stable universe).
As we have already mentioned in Remark 2.14, any Killing vector field of a compact Riemannian manifold of negative-definite Ricci tensor is equal to zero. Thus, one can easily state the following result. 
Non-rotating Killing vector fields
In this section we apply Theorem 2.18 of Section 2 to the analysis of non-rotating Killing vector fields on standard static space-times also called static regular predictable space-times in [19, p.325] (also see a recent article, i.e, [29] for a related question).
We first recall the definition of the curl operator on semi-Riemannian manifolds as: if V is a vector field on a semi-Riemannian manifold (M, g), then curl V is the 2-covariant tensor field defined by
where X, Y ∈ X(M ) (see for instance [22, 17] ). Thus, it is easy to prove
where X, Y are as above and φ ∈ C ∞ (M ). We will follow the next definitions (see [17, 18] ): A vector field V on the semi-Riemannian manifold (M, g) is said to be non-rotating:
3 if curl V (X, Y ) = 0 for any X, Y ∈ X(M ) orthogonal to V . This condition is equivalent to "V has integrable orthogonal distribution".
Notice that being orthogonally irrotational is necessary for being nonrotating. Furthermore (3.2) implies that if V is orthogonally irrotational, then so is φV for any φ ∈ C ∞ >0 (M ). Indeed, since φ does not vanish, X is orthogonal to φV if and only if it is orthogonal to V . However, if V is non-rotating then, φV is not necessarily non-rotating for some φ ∈ C ∞ >0 (M ) (see (3.2) ). Proof. First of all we observe that it is easy to prove the following identity.
Thus by using (3.2),
Hence, .5) i.e., ∂ t is orthogonally irrotational. Up to this point, we have not considered the compactness and the simply connectedness of the Riemannian part.
Notice that letting κ be a Killing vector field on (R × F, g) with (F, g F ) compact, Theorem 2.18 implies that κ = a∂ t +K where a is a constant and K is a Killing vector field on (F, g F ) with K(f ) = 0. Hence and recalling that (curl κ)(X, Y ) = 0 for all X, Y orthogonal vector fields to ∂ t on (R × F, g), the curl on (R × F, g) is linear and (3.5), we obtain that
for all X, Y orthogonal vector fields to ∂ t on (R × F, g). It is clear that the lifts of the elements in X(F ) verify the latter condition and as consequence (3.6).
On the other hand, by the well known relations between the Levi-Civita connections on (F, g F ) and on the warped product (R × F, −f 2 dt 2 + g F ) (see for instance [22] p. 206 Proposition 35) and by the definition of the curl, there results curl F K = 0 (curl F denotes the curl on the Riemannian manifold (F, g F )), i.e. K is non-rotating on (F, g F ). Furthermore, when (F, g F ) is simply connected, then K is a gradient (see [7] ), i.e. there exists ψ ∈ C ∞ (F ) such that grad ψ = K.
Since K is a Killing vector field on the Riemannian manifold (F, g F ) and is the gradient of a function ψ ∈ C ∞ (F ), then Proposition 2.13 (with f ≡ 1) implies that the Hessian H ψ F ≡ 0 on F . Besides that if F is a compact Riemannian manifold without boundary, then by taking the g F −trace of H ψ F and applying the maximum principle one can deduce that ψ is a constant and consequently, K ≡ 0.
Thus we have established that κ = a∂ t , where a is constant.
Notice that (3.4) implies that ∂ t is non-rotating on the standard static space-time of the form (R × F, −f 2 dt 2 + g F ) if f is a positive constant. Hence, we can state and prove the following lemma. First of all we recall g(∂ t , ∂ t ) = −f 2 . Then, by the hypothesis and the properties that characterized the Levi-Civita connection, for any vector field Z on (R × F, g := −f 2 dt 2 + g F ) the following holds
So, by the definition of the gradient operator denoted by grad, 
The latter and the expression (3.8) imply grad f 2 = 0, more explicitly f is a positive constant.
Proof 2. An alternative and simpler proof follows from (3.4). Indeed, an immediate consequence of the latter is (3.10) (curl ∂ t )(∂ t , Z) = Z(f 2 ), for any vector field Z on (R × F, g := −f 2 dt 2 + g F ). Thus, if ∂ t is nonrotating, then f is a positive constant. Proof. In order to apply Proposition 3.1, it is sufficient to note that if κ is a non-rotating Killing vector field on (R × F, g := −f 2 dt 2 + g F ), then (curl κ)(X, Y ) = 0 for all X, Y orthogonal vector fields to ∂ t on (R × F, g). Thus, curl κ = a curl ∂ t = 0. So, by Lemma 3.2, κ = 0 or f is a positive constant.
Remark 3.4. Notice that in Proposition 3.1 the involved vector fields necessarily turn out to be causal (i.e., non-space-like). The conclusion would be wrong if we eliminated the simply connectedness. For example, consider the vector field a∂ t + ∂ θ where a < 1 on (R × S 1 , −dt 2 + dθ 2 ). This is a non-rotating Killing vector field and yet not time-like due to a < 1, so its pseudo-norm is −a 2 + 1 > 0.
Conclusions
It is very well known that a space-time possesses a symmetry if it admits a Killing vector fields. Thus existence and characterization problems of Killing vector fields are extremely important in the geometry of space-times. Therefore, we considered Killing vector fields of standard static space-times and roughly proved that if a vector field K on the space-time is Killing, then K has to be of the form:
where {K b } 1≤b≤m is a basis of Killing vector fields on (F, g F ) and h, φ b ∈ C ∞ (I) and ψ ∈ C ∞ (F ) satisfy the system
In Theorem 2.8 we have characterized the solutions of the latter system. We remarked the centrality of the problem (2.25) or equivalently (2.30) and (2.34).
As a consequence of Theorem 2.8 and the well known results about the eigenvalues and eigenfunctions of a positively weighted elliptic problem on a compact Riemannian manifold without boundary, we also provided a characterization of the Killing vector fields on a standard static space-time with compact Riemannian part in Theorem 2.18. Note that by combining this theorem with the vanishing results of Bochner (see Remark 2.14), we obtain that in a standard static space-time with compact Riemannian part of negative Ricci curvature without boundary, the unique Killing vector fields are time-like of the form c∂ t where c ∈ R is constant.
Furthermore, in Corollary 3.3 we show that there is no non trivial nonrotating Killing vector field on a standard static space-time where the so called natural space is compact and simply connected.
Appendix A.
Suppose that M is a module over a ring and W ⊆ M . If V ∈ M , then we will use the following notation V + W = {V + W : W ∈ W }.
Let (F, g F ) be a Riemannian manifold of dimension s. Consider the Lie algebra of Killing vector fields on (F, g F ) denoted by K . Given ϕ, ψ ∈ C ∞ (F ) we denote (A.1) K ψ ϕ = {K ∈ K : K(ϕ) = ψ}. K 0 ϕ is an R−subspace of K (it is also a sub-Lie algebra of K ). By linear algebra arguments, it is clear that
where K ∈ K ψ ϕ is fixed.
